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1. Introduction. 

This article studies almost global existence for solutions of quadratically quasilinear 
systems of wave equations in three space dimensions. The approach here uses only the 
classical invariance of the wave operator under translations, spatial rotations, and scaling. 
Using these techniques we can handle wave equations in Minkowski space or Dirichlet- 
wave equations in the exterior of a smooth, star-shaped obstacle. We can also apply our 
methods to systems of quasilinear wave equations having different wave speeds. 

This extends our work JTj for the semilinear case. Previous almost global existence 
theorems for quasilinear equations in three space dimensions were for the non-obstacle 
case. In 0, John and Klainerman proved almost global existence on Minkowski space 
for quadratic, quasilinear equations using the Lorentz invariance of the wave operator in 
addition to the symmetries listed above. Subsequently, in |14j . Klainerman and Sideris 
obtained the same result for a class of quadratic, divergence-form nonlinearities without 
relying on Lorentz invariance. This line of thought was refined and applied to prove 
global in time results for null-form equations related to the theory of elasticity in Sideris 
|22[ I23| . and for multiple speed systems of null- form quasilinear equations in Sideris and 
Tu EH, and Yokoyama ,29) . 

The main difference between our approach and the earlier ones is that we exploit 
the 0(|a;|~^) decay of solutions of wave equations with sufficiently decaying initial data 
as much as we involve the stronger 0{t~^) decay. Here, of course, x = {xi,X2,X3) 
is the spatial component, and t the time component, of a space-time vector (t,x) G 
M+ X R^. Establishing 0(|a;|~^) decay is considerably easier and can be achieved using 
only the invariance with respect to translations and spatial rotation. A weighted 
space-time estimate for inhomogeneous wave equations fProposition l3.ll below. from |llp 
is important in making the spatial decay useful for the long-time existence argument. 

For semilinear systems, one can show almost global existence from small data using 
only this spatial decay jjl]. For quasilinear systems, however, we also have to show that 
both first and second derivatives of u decay like 1/t. Fortunately, we can do this using 
a variant of some L°° estimates of John, Hormander, and Klainerman (see [S], 
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Lemma 6.6.8, and also [7], ^31) that is well adapted to our approach since it only uses 
the Euclidean rotation and scaling vector fields and involves decay. 

The translation, rotation, and scaling vector fields are useful for obstacle problems 
since their normal components to the boundary of the obstacle in space-time are 0{1). 
The Lorentz boost fields, which were also used in the original generalized energy approach 
[H], do not have this property for any obstacle: these fields tdi + Xidt, i = 1,2,3, have 
normal components of size t. Consequently it seems difficult to use these Lorentz boosts 
and still obtain optimal results. 

In the Minkowski space (single-speed) setting all of the generators of the Lorentz group 
can be used without difficulty just by using the fact that they have favorable commutation 
properties with the D'Alembertian. In the case of an obstacle problem, however, not even 
the Euclidean rotation or scaling vector fields commute with the Dirichlet-wave operator. 
Because of the the boundary conditions, the generalized energy estimates here are more 
involved than they are for the Minkowski space setting, particularly when these estimates 
involve the scaling vector field tdt + x ■ Vx- For the scaling field we have to use our 
assumption that the obstacle is star-shaped in an argument that is reminiscent of that 
of Morawetz [TH) . 

We now describe more precisely the initial boundary value problems we shall consider. 
We assume that the obstacle A^] C K'^ is smooth and strictly star-shaped with respect to 
the origin. By this, we understand that in polar coordinates x — ruj, (r, u) 6 [0, oo) x S*^, 
we can write 

(1.1) IC = {ir,uj) : ^{Lo)~r>0}, 

where (/> is a smooth positive function on S'^. Thus, 

e /C, but ^ a/C = {a; : r = (/)(cj)}. 
For such /C C M^, we consider smooth, quadratic, quasilinear systems of the form 

{□cu = Q{du, (fu), {t, x) e M+ X M3\/C 
u{t, •)k = 
u{Q, • ) = /, dtu{Q, ■ ) = .9- 

Here 

(1.3) = (□e,,ne,,...,nc«) 

is a vector- valued multiple speed D'Alembertian with 

= - c|A, 

where we assume that the wave speeds c/ are all positive but not necessarily distinct. 
Here A = 9^ -)- (?| -I- a| is the standard Laplacian. 

By quasilinear we mean that the nonlinear term Q{du, d^u) is linear in the second 
derivatives of u. We shall also assume that the highest order nonlinear terms are sym- 
metric, by which we mean that, if we let do — dt, then 

(1.4) Q'{du, d^u) = B\du) + ^ B'^^fdm^ djdku\ 1 < I < N, 

0<j,k,l<3 
1<J,K<N 
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with (du) a quadratic form in the gradient of u, and B 
the symmetry conditions 



jj.jk 

'K,l 



real constants satisfying 



(1.5) Bl^f^ ^ Bi\-^'' = B 



The second equation here places no restriction on our systems as we may obviously ensure 
this by symmetrizing. The first equality in 1)1. 5|l will be used when we prove the standard 
energy estimates. Some restriction along these lines seems necessary for our theorem to 
be true. In fact, there are even simple examples of linear second order systems which 
violate 1)1. 5|) and for which the basic energy estimate fails. (This failure is well-known, 
for example it is pointed out by Fritz John in his work on elasticity.) For completeness, 
we will sketch one such example following Proposition 13 . 21 below. 

In order to solve 1)1. 2|l we must also assume that the data satisfies the relevant com- 
patibility conditions. Since these are well known (see e.g., 10 ), we shall describe them 
briefly. To do so we first let J kU = {d^u : < \a\ < k} denote the collection of all spatial 
derivatives of u of order up to k. Then if m is fixed and if u is a formal H"^ solution 
of ()1.2)l we can write dfu{0, •) — ipk{Jkf, Jk-ig), < k < m, for certain compatibility 
functions ipk which depend on the nonlinear term Q as well as Jkf and Jk-ig- Having 
done this, the compatibility condition for ()1.2)) with (/, .g) G iJ™ x iJ™"^ is just the 
requirement that the ipk vanish on dK. when < fc < m — 1. Additionally, we shall say 
that (/, g) e C°° satisfy the compatibility conditions to infinite order if this condition 
holds for all m. 

We can now state our main result. In describing the initial data we shall use the weight 



Theorem 1.1. Let K he a star-shaped obstacle, and assume that Q{du,d^u) and Dc o,re 
as above. Assume further that {f,g) G C°°(M.^\IC) satisfies the compatibility conditions 
to infinite order. 

Then there are constants n, Sq > 0, and an integer N > so that for all s < Eq, if 



The norms in which we control the solution up to time are found in i JlOl 

We shall actually establish existence of limited regularity almost global solutions u 
for data {f,g) 6 x H^~^ satisfying the relevant compatibility conditions. The fact 
that u must be smooth if / and g are smooth and satisfy the compatibility conditions 
of infinite order follows from standard local existence theorems (see §9, QHj). Also, we 
are not concerned here with minimal regularity issues. The value = 15 which we 
eventually require (see ()10.1)) below) is certainly not optimal. 

Together with the finite propagation speed of our equations, the blow-up examples 
in e.g. John [H] show that for the class of nonlinearities described above, the time of 
existence ()1.8)l is sharp. If we restrict our attention to null-form nonlinearities and single 
speed systems, global in time solutions outside of star-shaped obstacles were established 



(1.6) 




then ()1.2)l has a unique solution u G C°°([0,T£] x R'^y/C), with 
(1.8) Te = exp(K/e). 
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by the authors in |lU|.This extended earher sphericaUy symmetric work of For related 
work outside of obstacles in higher dimensions see |28j . 

We point out that results similar to those in Theorem 1 1 . II were announced in Datti |2], 
but there appears to be a gap in the argument which has not been repaired. Specifically, 
the proof of Theorem 5.3 of 2 cannot be attained as claimed, and hence the main 
estimates of the paper remain unproven. 

As we remarked before, we can also give a proof of a multiple speed generalization of 
the almost global existence theorem of John and Klainerman 9 : 

Theorem 1.2. Assume that Q{du,(Pu) and Dc «re as above. Then there exists N > 
and constants K,eQ > so that for all e < eo and data {f,g) G C°°(R'^)nL®(M'') satisfying 

(1.9) E iK^)'"'^"/'iii^(«^)+ E ii(^)'"'5:5iu^(E3)<e, 

Q|<Af |a|<Ar-l 

the system, 

\DcU = Q{du,d'^u) 

\u{0, •) = /, dMo,-)^9 
has a unique solution u G C°° {[Q,T^] x R"^), where 
(1.11) = exp(K/£). 

As we noted earlier, in ^1] Klainerman and Sideris established Theorem ll.2l in the case 
of certain divergence-form nonlinearities without using Lorentz boost vector fields. Also, 
it seems clear that the techniques of Sideris [22] can handle the special case of Theorem 
11.21 where the semilinear terms (du) are not present. 

We eventually choose = 10 in Theorem ll.2l fsee (I3.12|l below). The decay we obtain 
up until time is described in equations (|3.15|) - (|3.16|) below. 

Global existence in three space dimensions has been shown for coupled multiple speed 
systems satisfying various multiple-speed versions of the so-called null condition J3] . See 
Sideris- Tu (24j, Sogge |2ZI for such global, multiple speed results and further references. 
These results generalize the first global existence results of Christodoulou 1 and Klain- 
erman 1131 . Long time existence for multiple speed systems in two space dimensions was 
studied in Kovalyov |15j. 

This paper is organized as follows. In the next section we shall prove some new 
pointwise L°° estimates for the inhomogeneous wave equation in Minkowski space 

that are well adapted to our approach of trying to mainly exploit l/\x\ decay of solutions 
of nonlinear wave equations. From the point of view of the Minkowski space argument of 
Theorem 11.21 this estimate is a departure from the approach of Klainerman and Sideris 
|14|. After this, we recall the weighted space-time estimates from ^T] and give the 
straightforward iteration argument which proves Theorem O We then turn to the 
obstacle case, obtaining versions of the pointwise decay, weighted space-time estimates, 
and fixed time estimates in the exterior of a star-shaped obstacle. As pointed out 
above, the energy estimates for the boundary value problem are more involved than their 
Minkowski space analogs, and in fact our estimates involving the Euclidean rotation or 
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scaling vector fields involve a slight loss over their Minkowski variants. Fortunately this 
loss is not important for our goal of proving Theorem ll.il Finally, in ijlOl we combine 
the decay, weighted and energy estimates outside of obstacles in an adaptation 

of the proof of Theorem ll.2l to obtain our almost global existence results for quasilinear 
wave equations outside of star-shaped obstacles. 



2. Pointwise estimates in Minkov^rski space. 

We write {i^} = {^ij}, where 

(2.1) rtij — Xidj — Xjdi, 1 < * < j < 3, 

are the Euclidean R'^ rotation operators. Denote by Z either a space-time translation or 
spatial rotation vector field, 

(2.2) {z} = {dud„n.,}. 

We also use the scaling operator 

(2.3) L^tdt+x-Va:=tdt+rdr. 

Throughout the remainder of the paper we will use without explicit mention the following 
fact: if we denote by F any of the vectorfields in (|2.2|l - (|2.3() . then 

k 

for certain (possibly vanishing) fixed constants fJ-ijk- 
To simplify the notation, we let 

be the scalar unit-speed D'Alembertian. We shall state most of our estimates in terms 
of it, rather than the multiple speed operator Dc in H1.3|l since straightforward scaling 
arguments will show that our estimates for □ yield ones for Dc. 

Having set up the notation, we can now state one of our main results, which is the 
following variant of an estimate of John, Klainerman, and Hormander (0, Lemma 6.6.8). 

Proposition 2.1. If w ^ and Dw ^ F in [0,t] x R'^, and the Cauchy data of w 
vanishes at t — 0, then 

(2.4) {l+t)\w{t,x)\<C f I WZ-F{s,y)\'^ 

To prove this estimate we use the following 
Lemma 2.2. Let w be as above, and fix a; G R'^ with \x\ ~ r. Then, 



(2.5) \x\\wit,x)\<^ f sxx^\F{s,pe)\pdpds 

^ Jo J\r-{t-s)\ \e\=i 



Proof. fLemma l2.2|) . This result is well known (see e.g., page 8 of Sogge USD- Since the 
fundamental solution of the wave equation in 1 + 3 dimensions is positive, we have that 
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\w\ < \W\, where W is the solution of the inhomogeneous wave equation DW{t,y) = 
G(t, \y\) and G is the radial majorant of F, 

(2.6) G{t,p)= sup \Fit,pe)\. 

On the other hand, W{t, y) is a spherically symmetric solution to the wave equation in 
three space dimensions, hence |2/|W^(t, y) satisfies the wave equation in one space dimen- 
sion with forcing term |?;|G(i, |?/|), 

(2.7) \x\W{t,x)^-l / G{s,p)pdpds. 

2 Jo J\r-(t-s)\ 

Together, (EH), yield (EH). □ 
Proof. (Proposition!^^: As in we first prove the following, 

(2.8) t\w{t,x)\<C f f V \Lm''F{s,y)\ 

Jo JR3 |„|^n .-^1 



dy ds 



q|<2,j<1 

Since the estimate (|2.8ll is scale invariant, it suffices by scaling to prove the bounds for 
< = 1, that is, 



(2.9) 



{l,x)\<C f f \L'^"F{s,y)\ 



dy ds 



\a\<2J<l 



Let us first prove the estimate for those |a;| > 1/10. By the Sobolev Lemma 

sup \F{s,pe)\ <c Y] [ \{n"F){s,p9)\de. 

Together with (|2.5() this gives, 

(2.10) \x\\w{l,x)\<CY f I \^''F{s,y)\'^, 

1^2-^0 U \v\ 

which proves (|2.9|l when \x\ > 1/10. 

It remains to consider ()2.9|) for a fixed |a;| < 1/10. Since the estimate (|2.9f) only involves 
homogeneous derivatives, and hence is preserved under cutoffs of the form 'il){y/\x\), with 
■0 a radial bump function, we can reduce matters to considering two cases: 

• Case 1: supp F C {(s,y) : \y\ > 2\x\}. 

• Case 2: supp F C {{s,y) : \y\ < i\x\}. 

For both cases we use the formula for w coming from the fundamental solution, 

w{t,x)^^j F{t-\ylx-y)^ 

"^T^ J\y\<t \V\ 

Case 1: In this case F{s,x — y) = for |y| < \x\. Hence 

Hl,x)\< I \F{l-\y\,x-y)\-^ 
J\y\<l F — yi 
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Note that |(1 — |y|,a; — > 1/4 on the support of the integrand. Thus, if p{s) G C°°(I 
vanishes for s < 1/8 and equals one for s > 1/4 we have 



^"(l,^:)! < / H{l~\y\,x-y)dy, 
J\y\<i 



where 

His,v)^p{\{s,v)\)\Fis,v)\/\v\. 

We make the change of variables (^(r, y) ^ t(1 — \y\,x — y), where \y\ < 1 and < r < 1. 
The Jacobian is T^{{x,y) /\y\ — 1). It is bounded away from zero when H{(p{T,y)) ^ 
since we are assuming that < 1/10, and since H{s,v) = when Ks,?;)! < 1/8. Also, 



/ H{l~\y\,x-y)dy= f \H{^{l,y)\ dy 

J\y\<l •'\y\<i 



<C {\H{^{T,y)\ + \-§^H{^{T,y)\)dTdy. 

J J\y\<lfi<T<l 

Note that \dH{ip{T,y))/dT\ — \{LH){ip{T,y)\/T, and since r is bounded from below when 
H{ip{T,y)) ^ 0, we conclude that 

\w{l,x)\<C [[ {\H{s,y)\ + \LH{s,y)\)dyds 

J Jo<s<l 

<C [[ {\F{s,y)\ + \LFis,y)\-^'^y'^' 



o<s<i \y\ 



as desired. 



Case 2: Our assumptions here are F{s,y) = when \y\ > 4|a;|, for some fixed x with 
\x\ < 1/10. In this case, we have w(l,a;) = wo{l,x) where wq solves the inhomogeneous 
wave equation Dwo{t, y) = G{t, y), with G{t, y) = F{t, y) if i > 1 — 5|a;|, and G(t, y) — Q 
otherwise. By H2.10|l . 

\w{l,x)\^\w,{l,x)\<^ f [ J2 \^''Fis,y)\^ 

Fl ^l-5|a;| J I \y\ 



<C sup / J2 \n''Fis,y)\f^ 

l/2<s<lJ |^|^2 



As in Case 1, we bound this last quantity using the fundamental theorem of calculus, 

^1 d 



f d 1 

= / LG{ts, Ty) dr. 
Jo 
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Hence we have, 

|w(l,a;)|<C sup / / V |f7"iG(rs, r?;)| dr 

i/2<s<iJo J i„,i^T \y\ 

< c 



|q|<2 



|a|<2 

^, , -1 

is bounded on the 



djTS.Ty) 
9(r,y) 



where, similar to Case 1 above, we've used the fact that 
support of G. This completes the discussion of case 2. 

Exactly as in 6 , the desired bound (|2.4|) follows from (|2.8|l . More precisely, if supp F C 
{(s,j/) : s > 1}, then the same is true for supp w, and H2.4|) follows immediately from 
l|2.8|) . In case supp F C {{s,y) : < s < 1}, then we apply the previous argument 
to the function w with Dw = F(s — 2,2/1,2/2,2/3)- The translation introduces the usual 
Euclidean derivatives and gives H2.4() by the preceding argument. The case of general 
forcing function F follows from these considerations and a partition of unity. □ 

3. L^jL'^f. estimates and almost global existence for quasilinear equations in 
Minkowski space. 

We now use the pointwise estimates in Proposition 12.11 along with L^L'^ estimates 
exploiting 1/r decay of solutions of the wave equation to prove Theorem ll.2l the almost 
global existence theorem for certain multiple speed systems. As we shall see, this proof 
provides a simple model for the proof of almost global existence results in the presence 
of obstacles. 

To do this we need to use a simple modification of an estimate from ^Jj which involves 
the scalar D'Alembertian n = df — A: 

Proposition 3.1. Suppose that v solves the wave equation \3v = G on M-|_ x M.^, with 
Cauchy data f € H'^ D L^{R^) , g £ L'^{R^) att = 0. Then there is a constant C so that 

(3.1) (ln(2 + <))"^/^||(a;)-i/2w'||i2([o,t]xK3) + || (x)-ii;||i2i,6([o,t]xK3) 

<C||(./,.g)||^ixi.(K3) + C f\\G{s, ■)\\LHr.)ds. 

Jo 

Here, and in what follows, v' denotes the space-time gradient of v, i.e., v' — {dtv, Vx^)- 

We sketch the proof of (|3.1|) ; more details appear in j^] . The bound is achieved by 
considering separately two regions of {(s, x) : < s < t}. Specifically, if the norms on the 
left of H3.1|l are taken over {(s, x) : < s < t , \x\ > t} , the estimate follows immediately 
from 

(i)"l/2(||i;'||i2([o_j]x]R3) + ||'i;|li2^6([o t]x]R3)) < ||(/,g)||jjlxL2(R3) + / l|G(s, •)||i2(K3)ds 



which is in turn an immediate consequence of the standard fixed-time energy estimate 
and Sobolev embedding. We remark that the condition f G implies that /, hence 
v{s, ■) for all s, is the limit of compactly supported functions, which allows us to 
bound ||i;(s, ■)\\l6 < C||w'(s, OIU^ • 
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To establish (I3.1|) on the region {{s,x) : < s < t , \x\ < t}, we first show that 

(3.2) ||w'||L2([o,t]x{|x|<l}) + \\v\\LlLl{[0,t]x{\x\<l}) 

<C\\if,9)\\H^^LHR^)+C f\\G{s, ■)\\LHmds. 

<J 

For the term involving v' on the left, this can be shown using the energy inequality and 
the sharp Huygens principle (see Jl. for details^). To handle the term in u, we note that 
by the Duhamel principal we may take G = Q. By Sobolev embedding, we can reduce 
matters to showing that 

lkllL2(Rx{|x|<l}) < C ||(/,5)llijixL2(K3) ■ 

To verify this last estimate, we let x{x) denote the cutoff to the set |x| < 1. Then by the 
Plancherel theorem, we have 

IIx^^IIl?l2(RxR3) = ||(x*w)(t,?)||l2l|(Bxk3) < C||w(r,^)||i2i,i < C ||(/, 5)||^ix^2(r3) , 

where the last inequality is seen by expressing v in terms of {f,g), and representing the 
^ integral in polar coordinates. Applying the Schwarz inequality to the angular integral 
yields the desired bound. 

A scaling argument applied to H3.2() yields 

(3.3) \\{x)^'^^'^v'\\L2([o,t]x{R<\x\<2R}) + ll(a;)"^^^l'||L2L|([0,t]x{fl:<|£c|<2fi}) 

<C||(/,g)|| HixL2(R3)+C' / ||G'(s, ■ )|li2(R3) ds. 

The estimate for the first term in the left side of H3.1|l on {|a;| < t} now follows by squaring 
the left hand side, decomposing dyadically in r, using (|3.3|l for each piece, and adding the 
resulting estimates. One estimates the second term in the left side of (|3.1|) using H3.3[l 
and the fact that this second term involves the weight (x)^^. The extra weight of {x)~'^ 
allows us to sum the estimates for the dyadic pieces with no growth in t. 

In addition to this estimate we shall also need the standard energy estimate: 

Proposition 3.2. Let "f"^'-^{t,x), I < I , J < N , < i, j < 3 be real functions 
satisfying 

(3.4) \-f"''^ <-min{cj), 1<I <N,0<t<T 

0<I,J<N0<iJ<3 

as well as 

(3.5) Tee \\^t,.i"-''{t,-)\\L-(R^)dt<i. 

•'^ 0<I,.J<N 0<i,j<3 

Assume also that ^■^■^^'^^ satisfies the symmetry condition 

(3.6) ^IJ.^3 ^^JLrj ^^IJ,Or^ 



In fact, the bound lij.2l is also implicit in several previous works, going back at least to IT^. 1^. 
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Then if 

N 

{df -cjA)v' = Y, l"'"^ d.djv^ + , 1<I<N 

,7=1 0<j,i<3 

there is a constant C, independent 0/7^'^'*^ , F, and T, so that 

(3.7) ||«'(i, Olli^CRa) <C^lk'(0, •)IIl^(e3)+C / ||F(s, •)llL2(E3)ds, 0<t<T. 

Jo 

We omit the standard proof of l|3.7|l . since analogous estimates for Dirichlet-wave 
equations will be proven in §5. We observe here, though, that the energy estimate can 
fail in the absence of the symmetry assumption (|3.t)|) . To see this, consider the following 
nonsymmetric linear homogeneous system on M x M'^: 

Ov — - dfu , 
4 

with u , V , dfV all vanishing at i = 0, and with 9(^(0, ■) ~ g- 

Then \\{u' ,v'){Q, ■ )||^2(]j3) = ||(7||^2(r3), and the standard energy estimate shows that 

(3.8) ll("',w')(^> Olli^fRS) = / \9{x)?dx + ]- I I Vs{s,x)uss{s,x) dx ds . 

Using the Fourier transform and Duhamel's principle, it is straightforward to see that 
the second term on the right hand side of (|3.8|) is comparable to ||<7'||^2(r3)- 

We shall actually require a corollary to Proposition l3 . 21 which is based on the following 
commutator relations [{df - cjA), Z] = 0, (see (j23)) and [{d^ - cjA), L] = 2{df - cjA), 
where, as above, L is the scaling vector field (|2.3|l . 

Corollary 3.3. Let 7^"''*-'(t, x) G C°° satisfy and let v and F he as in 

Proposition Then if M — 1,2,... is fixed there is a constant C, independent of 

j"''^, F, and T, so that forO<t<T 

(3.9) 

J2 ||L'"W(t, •)||l^(r3) 

\a\+m<M 

<C lii™W(0, ■)IU^(r3)+C r Y \\L'"'Z'^F{s,-)\\L^im)ds 

\a\+m<M ° |Q|+m<J\/ 

+ C f Y \\[L'"'Z",y''''d.djy{s,-)\\LHR^)ds. 

° \a\+m<M 
I,J,i.j 

We note that if we restrict m < 1 on the left hand side then we may take m < 1 on 
the right hand side as well. We shall also need the following consequence of the Sobolev 
lemma, see Klainerman jl2) : 
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Lemma 3.4. Suppose that h £ C°°{R^). Then for R>1 

\\Hl-°(R/2<\x\<R) <CR^^ X! \\^°''^2HL-HR/i<\x\<2Ft)- 

q| + |7|<2 

To handle certain higher order commutator terms that arise in our arguments, we wiU 
also use the following variant of an estimate of Klainerman and Sideris (see ^3] , Lemma 
3.1). 

Lemma 3.5. Suppose that 1 < R < ct/A. Then for < j < 3 
(3.10) 

\\d,v'{t, •)llL^(fl/2<|.|<fl) <C(l + i)-l WL^'Z^y'it^ ■)\\mR/A<\.\<2R) 

|a| +m<l 

+ C R^^{\\v'(t, ■)\\L^(R/i<:\x\<2K) + \\v{t, ■)\\Lf'(R/i<\x\<2K)) 

+ C\\{dt - c^A)w||i2(j^/4<|^|<2fl) . 

Also, 

(3.11) ||a,V(t, OIlL^d.KD <C(l + t)-i \\L'^Z'^v'{t,-)U^^.) 

|a|+m<l 

+ C ( \\v'{t, ■)\\l^(\x\<2) + \Ht, ■)\\l^(\x\<2) ) 
+ C||(a,2-C2A)«|U.(|,|<2). 

The constant C depends only on c. 

Proof: By scaling we may take the wave speed c to be one. We then use the fact (see 
[Hi, Lemma 2.3) that for \x\ < t/2, 

\dtv'{t,x)\ + \^v{t,x)\ <C(l+t)-^ Y \L'^Z''v'{t,x)\+C\{d''^ - ^)v{t,x)\. 

|a|+m<l 

Using this we immediately get the estimates for j = 0. The other cases of (I3.10f) follow 
from the j — Q bound and the fact that, for j, fc = 1, 2, 3, 

\\djdkv{t, ■)\\l'^{r/2<\x\<r) 

<C\\/\v{t, ■)\\mR/i<\x\<2R)+C Y i?"'+l"l||a>(i, •)IU=(fl/4<|.|<2fl) 

q|<1 

< C\\Av{t, ■)\\l^(r/4:<\x\<2R) + CR^^{\\v'{t, ■)\\l^(b./4,<:\x\<2R) + \\v\\Le{R/4:<\x\<2R)) ■ 

The inequality H3.11|) follows by a similar argument. □ 

We now use Propositions 12 . II and 13 . II along with Corollarv l3.3l to prove Theorem ll.2l 

We are assuming that the data /, g £ C°°{M.^) D L^(R'^) satisfies the smallness condition 

(3.12) J2 ll(^)'"'9,"/'|U2(M3)+ Y ll(^)l"l5:5|U.(M3) <e, 

a|<10 |a|<10 
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where e > is small and we aim to show that there is a solution on [0, T^] x R'^, verifying 
(3.13) sup ( V ||i™Z"u'(t, •)I|l^(e3) + (1+0 E 

- - ' la|+m<10,m<l |q|<1 

+ (ln(2 + r,))-'/' ^ ||(x)-U"Z"u'|U.([o,Te]xE3) <C£, 

|a|+m<9,m<l 

where Tg = exp(K/e), with k > being a uniform constant. If the initial data is C°°, and 
the solution satisfies l|3.13|l , then standard local existence theory shows that the solution 



X 



p3 



is actually on [0, % 

Set u_i = 0, and define u^,, fc = 0, 1, 2, . . . inductively by letting solve 

I 1<J.K<N 

(3-14) < (t^ a;) g [0, Te] X M3, 1 < / < iV 

I ufe(0, ■) ^ f, dtUkiO, ■)= g, 



where Dc is as in (|1.3|l . Let 



(3.15) A4(T)= ^ [(ln(2 + r)) (x)-i/2i™ZX|U.([o,T]xM3) 

|Q|+m<9,m<l 

+ II(2^)"^-^'"^"'"'c|Il2L6([0,T]xM3) 
+ sup V ||i™Z"<(t, •)||l^(E3) 

o<t<T| 1^ '77' 

^ ^ a +77i<lu,m<l 



+ sup (1+0 E oiil" 

0^*^^ 1^1 

= h{T)+Ih{T) + IIh{T). 



We first observe that there is a uniform constant Co so that 

A/o(r) <Co£, 

for all T. This follows from the results of section 2 and the earlier estimates of this 
section, together with an application of the generalized Sobolev inequalities of Klainerman 
to obtain the pointwise decay estimates. 

We claim that if e < is sufficiently small and if the constant k, occurring in the 
definition of is small enough, then there is a uniform constant C (which will be allowed 
to change from line to line throughout this paper) so that for all k = 1,2,3,... 

(3.16) Mk{T,)<Ce. 

We prove this inductively. We thus assume that the bound holds for fc — 1 and then 
establish it for k. 

We begin by applying Corollary 13. 31 with F = B{u'^_^) and 



l.K 
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to estimate 11^ (T) . Note that the hypotheses (|3.4|) and (|3.5|l on the metric perturbation 
are satisfied by the induction hypothesis if e is smah and T < T^. The symmetry 
hypothesis (|3.6|l is also vahd in view of our symmetry assumption H1.5|l on the quasihnear 
terms. We next apply Proposition 13.11 with G — DcL"^Z"'uk to estimate Ik{T). We 
conclude that 



(3.17) h+IIk < Coe+ C T' ll^"^"SK-i)(s, OIIl^ir^)^* 

|Q|+m<10 
m<l 

+ r ^ \\L'^Z^D,Uk{s,-)\\L2^^s^ds 

•'^ \a\+m<9 
ni<l 

+ ^ r J2 E \\[L'-Z^,l"'''K-i)d.d,]uii^, •)llL^(E3)ds. 

" I,J,i,j |Q|+m<10 



We estimate the first integral by observing that 



(3.18) J2 \L'"Z^B{ui_,)\<C J2 E 

|a|+m<10 |q|+??i<9 |q:|+77i<5 

m<l m<l 77i<l 



Q|+m<10 
m<l 



We control the contribution of the second term on the right hand side of (|3.18() to H3.17|l 
using the induction hypothesis (|3.16|) as follows, 



(3.19) r||4_i(s, •)IIl-(E3) Y •)llL^(K3)ds 

|Q|+m<10 
m<l 

<Ce^ [ ' ds/{l + s)<C-K-e, 
Jo 

where k is the constant appearing in p.8|l . For the first term on the right hand side in 
(I3.18|l we apply Lemma [3.41 If we fix s and R, we note that, for R/2 < \x\ < 2R, 



(3.20) J2 \L"'Z'^u',_,is,x)\<Cil + R)-' J2 • )IIl^ 



(_R/4<Ix|<4_R) 



|Q:|+m<5 |a|+m<7 
m<l m<l 
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We can similarly bound this factor on the set |a;| < 1. Therefore, for each fixed s we have 
for a given R — 2^ , j > 0, 

(3-21) E E ll(^'"^X-i(^,-))(i"^v,_i(.,.))lL.(^<i.i<2H) 

\a\+m<9 |/3|+n<5 
m<l f^^^ 

<C2-^ E •)llL^(fl<lx|<2i?) E •)llL=^(i^<|.|<2fl) 



\a\-\-m<9 |Q|+m<5 
m<l m<l 



<C E ll(:^)-'/'i™W.-l(s, •)llL^(i^<| 



3:|<2fl) , 



\a\+m<9 
rn< 1 



with a similar bound on the set \x\ < 1, where we applied the Sobolev Lemma. Summing 
over R = 2^ and using the induction hypothesis, we conclude that 



(3.22) / E E ||(i"^X-i(^, •))(i"^''4-i(s, o)!! 

° \a\+m<9 \p\+n<5 
m<l n<l 

<cr^ E ii(^)-'/'i'"^X-i(s, 



• ^|Il2(]R3) 

I Q:|+?7'l<9 

m< 1 

<Cln(2 + T,)( E (ln(2 + r,))"^||(x)-i/2L"ZX-illL=([o,T.)xR3)'' 

lQ|+m<9 
m<l 



<C -K-e. 



We thus have shown that 



r E ||i"^"i?«„i)(s, •)IU^(R3)ds<C-«-e. 

° |Q|+m<10,m<l 

The second integral on the right side of H3.17|l has a quasilinear contribution which is 
bounded by 



(3.23) r E 114-1 .))l|L^(K3)ds 

•'° \a\+m<9 
m<l 

+ r H E iK^-^X-ii^, •))iu^(M3)d. 

|a|+m<5 |/9|+n<8 
?7i<l n<l 

E E ll(i'"^X'(5, •))(i"^V-l(5, •))llL^(M3)ds 

r E •)(i™^x-i(s, •))iiL^(K3)ds. 

Jo 11 -„ 



|a|+m<5 |/3|+n<8 
m < 1 n < 1 



la|+m<9 
m<l 
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We bound the integrand in the first integral of H3.23|) by taking the first factor in L°°, 
the second factor in L^, and arguing as in (|3.19|) above to bound this term by 

C-e- Mk{T,) [ ' ds<C-K- Mk{T,) . 
Jo 1 + s 

We estimate the second and third integrals in ()3.23fl as before, using the generalized 
Sobolev bound of Lemma l^^ on the first factor. The fourth integral in (|3.23|l is bounded 
by taking the u'^ factor in L°°, and arguing as before using the induction hypothesis. 
Both of these estimates yield bounds of C • k • Mk{T^)- 

The semilinear contribution from the second integral on the right of H3.17|l is handled 
exactly as we bounded the first integral on the right of (|3.17|l . 

To estimate the third integral in H3.17|l . which involves commutators, we begin by 
noting that 

|a|+m<10 |Q|+m<9 |Q|+m<5 

m<l m<l ^'^^l 

+ C Y ■ \u'l\ 

\a\+m<W 
m<l 

|a|4-^^^<5 |a|+m<9 

m < 1 m < 1 

+ c E \z"<-i\ E 

|a|<l |a|+m<10 
m<l 

+ C|L<_i| E i^xi- 

q|<9 

The contribution of the first four terms to the third integral in (|3.17|) can be controlled as 
in the preceding arguments: when one factor appears with two or fewer Z type derivatives, 
we take this factor out in L°° as in H3.19|l above; for the remaining terms we argue as in 
H3.20|l - (|3.22|l . The last term above requires a different argument as the factor we would 
like to take in L°° now involves the scaling vector field L, which is not controlled by the 
term IIIk-i[T^) (see ^^). 

To estimate this last term, let co = min/{c/}. Then, on the region |a;| > cos/4, we 
can apply Lemma 13.41 to obtain 

\Lu',_,{s,x)\<C{l + s)-' E l|i"^X.-i(5, •)IIl^(m3), 

\a\<2,m<l 

and we conclude, as in (|3.19|) . 

/ E ll-^"fe-l('5' ■ ) Z°'^k{s, ■)\\L^\x\>cos/i) ds<C ■ K- Mk(T^) . 
•^0 |a|<9 

It remains to estimate the integrand here on the region \x\ < cqs/A. To do this, we 
bound the factor Lu'j._t^ in L°° using Lemma [3.41 then apply Lemma f3. 51 to Z"u'^. We 
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obtain, for 1 < i? < cg s/4 , 

||LUfc_lZ"<(s, ■)\\mR/2<\x\<R) 

\a\<9 

Q|<2,m<l 

(1 + S)-' J2 ■)\\lHR/4<\.\<2R) 
|a|+jn<10 
m<l 

+ X! W^^^cUkis, • )llL2(fl/4<|i;|<2_R) 
\a\<9 

+ X! ( ■)\\L^{R/i<\x\<2R) + WZ^Uki-S, • )llL6(fi/4<|a;|<2fi) 

|q|<9 

We can control the norms over < 1 similarly. After squaring this estimate and 
summing over dyadic values of R, using extra factors of R"^/^ to make the sums converge, 
we conclude that 
(3.24) 

/ \\L^'k-lZ°'Ukis, ■)\\L^(\x\<cos/4)ds 

<c r • )IU^(M3) (1 + Y • )\\L^m 

^ |Q|<2,m<l |a|+m<10 

m<l 

L2(R3) X Y, WZ'^^cUkis, ■)\\L'^(V?)ds 
° |a|<2,m<l |q|<9 

° |a|<2,m<l 

X Y {\\{x)-"^Z''u'k{s, •)IU^(M3) + |i(x)-iZ"ufe(s, •)llL^(R3))ds. 

|q|<9 

The argument used in bounding the second integral in l|3.17|l yields 

( ' Y \\Z"n,Uk{s,-)\\mv,^)ds<C-K-{e + Mk{T,)). 

•^0 |a|<9 

Plugging this into 13.24|l . and applying Cauchy-Schwarz to the s integral of the last term 
on the right of (|3.24|) . we conclude 



|a|<9^0 



< ln(2 + T,) ■ Mk-i(T,) ■ Mk{T,) + Mk-i{T,) ■ C ■ n ■ {e + Mk{T,)) 
<C-n-{e + Mk{T,)). 
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We have shown that 

(3.25) h+Ih<Coe + C-K-{e + Mk{T,)) . 

The final step is to show that IIIk{T^) can be controlled in this way, 



(3.26) sup (1+t) V \Z"'u'f^{t,x)\ < Coe + C ■ K - {e + Mk{Te)) 

Together, and yield 



Mk{T,)<3Coe, 
by choosing the constant k sufficiently small. 

It suffices then to show (|3.26|) . We first note that the left hand side of (|3.26|) is bounded 

by 

dy ds 



(3.27) 



Coe+ f f V \L"'Z''n,Uk{s,y)\ 



'0 JR3 II, ^, 



This follows by Proposition 12.11 together with the fact that the Cauchy data of Z'^u'f. 
at i = is of size s in the appropriate norm, and hence the homogeneous solution with 
the same Cauchy data satisfies the desired bounds H3.26(l . by the Klainerman-Sobolev 
inequalities [T^ . 

We begin by handling the integral over |y| > 1. We note that 
(3.28) \L"'Z"a,Uk{s,y)\ 

\a.\-\-7n<b .m<.l 

<C Y \L'"'Z'^u',_,{s,y)\ Y {\L'''Z"<_,{s,y)\ + \U^Z-u',{s,y)\), 

\a\+m<7 |a|+m<7 
m<l m<l 

and conclude by the Schwarz inequality and the induction hypothesis that 



ry E \L"'z"a,uk{s,y)\ , , 

<C( Y ll(Z/>"^i"^"^fe-l||L^([0,T,]xK3)] 

^ |Q|+m<7 ^ 
m<l 

+ c( Y ll(y)"^i'"^"^fe-illL^([o,T.]xE3)](' E \\{y)-^L^z'^uk\\m[o,T.]xi 

^ |a|+m<7 ^ ^ |a|+m<7 

7n < 1 7n<.l 

< C ■ ln(2 + T,) ■ (^Ml_^{T,) + Mk-i{T,) ■ Mk{T,)^ 

< C ■ K ■ {e + MkiT,)) 



dy ds 



as desired. 
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To handle the integral over |y| < 1, we apply the Sobolev inequality and 1)3. 28f) to 
obtain 



Q|+m<5,m<l l*'!^-'- |a|+m<9,m<l 
X 

a|+m<9,m<l 



J2 sup |L™Z"aufc(s,y)| <C \\L^Z'^ui_,{s, ■)\\m\y\<2) 

' ' '\ 

|a|-fm<9,m<l 

.)llL^(|,|<2) + l|i^"W,(s, •)IIl^(M<2)) 

f 

Since ^eL\R^), 

■^0 ^ly|<i|„|<4,„<i \V\ 

E ll^"^""/c-lllL2([0,Telx{|y|<2}) j 

^|Q|+m<9 ^ 
m<l 

C( E l|i'"^X-llU^([0,T.]x{|,|<2}))( E l|i™^XIlL^([0,T. 

m < 1 rn < 1 

< C-K - (£ + A4(T,)) 



]x{|y|<2}) 



as above. We have therefore established (|3.26() . 
Similar arguments show that 

sup ■) OIIl^cms) ^ 0, /c ^ oo. 

0<t<T^ 

We conclude that Uk converges to a solution of p.lO|l that verifies Ij^.f 3|) with C = 3 Cq. 
This completes the proof of Theorem 1.2. □ 

Later we will need the following observation. If we replace the smallness condition 
(mUl by 

(3.29) E IK=^)'"'^"/'II E ll(a;)l"l9."5llL^(M3)<£, 

\a\<N |a|<Ar-l 

for N > 10, then the same argument as above gives that for e > small, one obtains a 
solution on [0, T^] x R"^ verifying 



(3.30) sup E Ili^Wli, •)I|l^(r3) 

— — |Q|+m<Ar,m<l 

+ (ln(2 + T,))-'/' E |lL"^"^i'|U^([o,T.]xE3) <C£, 

Q|+m<Af-l,m<l 

for this value of N. 
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4. Pointwise estimates outside of star-shaped obstacles. 

In this section we shall consider Dirichlet-wave equations outside of smooth, com- 
pact, star-shaped obstacles /C C M'^. Our main goal is to show that the solution of the 
inhomogeneous equation 

'au{t,x) ^ F{t,x), {t,x) eR+ xR^\JC 
(4.1) iu{t,x)^0, xedK. 

u{t,x)=0, t<0 

satisfies slightly weaker pointwise estimates than those in ProDOsition l2.1l As before, □ = 
df — A denotes the unit-speed scalar D'Alembertian, and any of the following estimates 
for □ extend to estimates for Dc after applying straightforward scaling arguments. 

The pointwise estimate that we can prove is the following 

Theorem 4.1. Suppose that /C C M'' is a star-shaped obstacle as in Hl.l|l . Then each 
C°° solution u of H4.1(l satisfies, for each a, 



(4.2) t\Z'^u{t,x)\<C f j V \UZPF{s,y)\ 

Jo JV?\K lai I -^1 I , c 



dy ds 



^ l/3|+J<|a|+6 

ft 



cf Wd^^yFis,-)\\mu-\>c)ds. 



|/3|+i<|a|+3 

As a first step, we shall see that for any obstacle, we can reduce things to proving 
decay estimates for Z°'u{t, x) when x belongs to a fixed neighborhood of the obstacle. 
Here and in what follows, we shall assume without loss of generality that 

(4.3) /C C {.T e R3 ; |a;| < 1}. 

Lemma 4.2. Suppose that u as in Theorem \4-.l\ and that fC satisfies ()4.3|) . Then 

(4.4) {l + t)\Z"u{t,x)\<C f [ \L'Z^^''F{s,y)\^ 

Jo ^K^x'c |^|+^.<3,^-<i \y\ 

+ C sup (1-f s)(|Z"M'(s,y)| + |Z"u(s,?/)|). 

|i/|<2,0<s<t 

Proof: The inequality is obvious for |a;| < 2, so we show that there is a uniform constant 
C such that 



(4.5) (1 + t) sup iZ'^uit, x)\<C f [ V \UZ^+'<F{s, y)\ 

\x\>2 Jo JR3\/C , , .^^ 



dy ds 



\x\>2 Jo -^R^v/c |^|+j<3j<i \y\ 

+ C sup (l + 5)(|W(s,y)| + |Z"u(s,y)|). 

|i/|<2,0<s<t 

For this, we fix p G C°°(R) satisfying p{r) = 1, r > 2 and p{r) — 0, r < 1. Then 

w{t,x) = pi\x\)Z°'uit,x) 
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solves the boundaryless wave equation 

aw{t,x) = pZ°'F(t,x) - 2p'(\x\)-^ ■ y^Z"u(t,x) - (Ap(\x\)Z°'u(t,x) , 

\x\ 

with zero initial data. We split w — wq+wi^ where Owi = pZ°'F. If we apply Proposition 
12.11 we conclude that (1 + a;)| is dominated by the first term in the right side of 

(|4.5() . and so it suffices to show that (1 + <)|wo(t, is dominated by the last term in 
Write 



G{t,x) = -2p'(|x|)^ ■ V,Z«M(t,a;) - {Ap{\x\))Z''u{t,x). 
\x\ 



By Lemma 



t i-\x\ + {t-s) 



(4.6) \wo{t,x)\<C^ I I B\xp\G{s,re)\rdrds. 

fI Jo J\\x\-{t-s)\ \e\=i 

However, G(i, x) = Q for |x| < 1 and \x\ > 2. Hence the s integrand in l|4.6|l is nonzero 
only when 

-2 < |a;| - (t - s) < 2, 

that is, 

{t - |a:|) ~2 < s < {t- \x\)+2. 

We conclude that 

\wo{t,x)\<C^ ^ sup {l + s){\Z"u'{s,y)\ + \Z"u{.s,y)\) 

\X\ 1 + |t - (t_|2;|-2)<s<(t-|x|+2) 
l?/l<2 

This yields immediately the desired bounds for \wo{t,x)\ and completes the proof of 
Lemma El □ 

To establish decay estimates for |a;| < 2 we shall use the following local energy esti- 
mates, which follow from the exponential decay estimates of Lax, Morawetz, and Phillips 
(see ^H], also |23 for local exponential decay outside more general obstacles). 

Lemma 4.3. Suppose thatu G C°° satisfies (|4.1|l . where C M"^ is a star-shaped obstacle 
as in (|4.3|) . Suppose also that F{t, x) = Q for \x\ > 4. Then there is a constant c > so 
that 

(4.7) \\u'{t, • )||l=(k3\k: |x|<4) <C f e-<'-'^\\F{s, -^lhr^xk) ds. 

Jo 

Consequently, under these assumptions, i/ M = 0, 1, 2, . . . is fixed, 

(4.8) J2 \\itdtyd^,^u\t, ■)\\mm^y^..\x\<i) <C J2 \\myd^,,Fit, 

\o'\+j<M |a|+i<J\/-l 



c/'*e-S(*-) ^ ||(s9,)^9,",i^(s, •)llL^(E3\K)ds. 

"'O I.I, 



\a\+j<M 
3<l 
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Proof. The first estimate is an immediate consequence of tlie exponential decay estimates 
of Lax and Phillips. As for H4.8|l . using induction and elliptic regularity (see the proof of 
Theorem 15.21 below) one shows that for all Af = 0, 1, 2, . . . , 

(4.9) J2 \\dt,y(i^-)hHM^\^:\.\<4)<cY, ||5LF(i, .)I|l^(e3) 

\a\<M |a|<A/-l 



\a\<M 

It remains to bound 

(4.10) Il(iat)5,",u'(t, •)I|l^(k3\k:|x|<4). 

\a\<M-l 

Clearly dtu satisfies (|4.1|l with forcing term dtF. Apply H4.9|l to this equation for dtu, 
summing on the left over |q!| < M — 1, and multiply both sides of the resulting inequality 
by t to bound as in □ 

For later use, notice that since L — tdt+ rdr, inequality H4.8f) implies that if F{s, y) — 
0, |y| > 4, then 



(4.11) Y ll(^5*Fat>'(t, •)IIl^(K3\C:|.|<4) <C Y l|i^9t%F(t, .)1Il^(R3) 

\a\+j<M,j<l |a|+j<M-l 

i<i 

\a\+3<M 

i<i 

End of proof of Theorem 14. H Since the coefficients of Z are bounded when \x\ < 2, it 
suffices to show that if |/?| < |q;| + 1 (where a was fixed in the statement of the Theorem) 
then 

(4.12) t sup \d[Mt,x)\ <C I Wdl^F{s, ■)\\LHM?\K)ds, 

+ c Y /7i^'"'^-^(^'2^)Itt- 

h|+j<|a|+4^0 ^ 1^1 
J<l>l<2 

Using cutoffs for the forcing terms, we can split things into proving (|4.12|) for the 
following two cases 

• Case 1: F{s,y) = if |?;| > 4 

• Case 2: F{s,y) = if \y\ < 3 

For either case, we shall use the following immediate consequence of the fundamental 
theorem of calculus, 



\tdlMt,^)\ < r5]|(sa.)^af,,^.(s,x)|cis. 
^0 ^.<i 
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We apply the Sobolev Lemma to the right side, using the fact that < \a\ + 1, and 
that Dirichlet conditions aUow us to control u locally by u' , to conclude that 



t sup \d^.,u(t,x)\ <C \\{sdsyd]^^u'{s, ■)\\L^(R3\K:\x\<4)ds 

h\<\a\+2,]<i 

<C I ^ \\{sdsyd2^^u'{s,-)\\L^s?\K:\x\<4)ds. 



l7l+J<|a|+3,i<l 

If we are in Case 1, we can apply H4.11(l to get H4.12|l . 

In Case 2, we need to write u — uq + where Uq solves the boundaryless wave 
equation Dmo = F with zero initial data. Fix -q E C^{M.^) satisfying 77 (x) = 1, |a;| < 2, 
and r]{x) — 0, \x\ > 3. It follows that if we set u = tjuq + Ur then, since rjF = 0, u solves 
the Dirichlet-wave equation 

□u = G = -2Va;?7 ■ "^xUq - (A?7)uo 

with zero initial data. The forcing term G vanishes unless 2 < |a::| < 4, hence by Case 1 

t sup \d^^^u{t,x)\ = t sup \dl^u{t,x)\ 

\x\<2 \x\<2 

2(r3\k:) ds 



<C f \\L^dl,Gis,-)h^ 

° |7l+i<|a|+3,i<l 
<C \\L^9l^Uo{s, ■)\\L2^2<\x\<4)ds 

° l7l+i<l"l+4,i<i 

<C V \\L^d]^^Uo{s, ■)\\L^^2<\x\<4:}ds. 

Jo , I , ,^,1 , , 



l7l+i<|a|+4,i<l 

To finish the argument, we apply l|2.5|l to w = Ud] ^uq with j = 0, 1. Doing so yields 



\\L^d]^^uo{s, ■)\\Loa(^2<\x\<4) <C / sup \L^dl,^F{T,pe)\ p dp dr 

Jo J\s-T-p\<4 \e\=i 



<CY f I \L^dl,n^^F{T,p9)\pdpd0dT 

.^Jo J\s-T-\y\\<4 \y\ 



IA'I<2 



Note that the sets = {{T,y) : < t < s, \s - t - \y\ \ < 4} satisfy n A^/ = 
if |s — s'l > 20. Therefore, if in the preceding inequality we sum over I7I + j < \a\ + 4, 
j < 1 and then integrate over s G [0, t] we conclude that H4.12|l must also hold for Case 
2, which completes the proof. □ 

5. Fixed time estimates for Euclidean vector fields outside obstacles. 

In this section we shall work with wave equations which are small perturbations of the 
standard D'Alembertian □ on R+ x M^\/C. We let denote the second order operator 
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given by 

N 3 

(5.1) {D^wY ^ [dl - cjA)w^ + l"'^^{t,x) djdkw' , 1 < / < iV, 

J=l j,k=0 

where the perturbation terms ^^-^^^^ satisfy the symmetry conditions (|3.6(l . Given T > 
fixed, we shall assume that 7 is uniformly small, 

N 3 

(5.2) Z E ll^"^''(*'=^)lli-([o^^lxK^W <'5' 

I,J=l j,k=0 

and we also assume that 

N 3 

(5-3) E E \\^^l"'"'{t,x)hlL^^^o.T]xR^\K)<Co. 

I,J=li,j,k=0 

Under these assumptions we shall prove estimates for solutions of the inhomoge- 
neous Dirichlet-wave equation 



(5.4) 



wldjc = 

w{t,x)=0, t<0. 



The first estimate is the standard energy estimate: 

Theorem 5.1. Assume w ^ satisfy H5.4(l . and 7 as above satisfies the symmetry 
conditions H3.6(l as well as ()5.3|l and ()5.2|1 for S > sufficiently small. Then 

(5.5) \\w'{t,-)\\L2(u^\K:)<cf\\F{s,-)\\L2(u^\K)ds, 0<t<T, 

Jo 

for a uniform constant C (depending on Cq). 

Although the result is standard, we shall present its proof since it serves as a model 
for the more technical variations which are to follow. 

We first define the components of the energy- momentum vector. For / = 1, 2, . . . , TV, 
we let 

3 

(5.6) = e'oiw) = {dow'f + ^ cj{dkw'f 

N 3 N 3 

+ 2 E E ^"''"'dow'dkw' -EE ^"'"'djw'dkw^ 

J=lk=0 J=lj,fe=o 

and for = 1, 2, 3 

N 3 

(5.7) ei = ei{w) ^ -2c]dQW^ dkw^ + 2^^-f^^'^''dQW^ djW' . 

J=l j=0 
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Then 

3 N 3 

(5.8) aoeo =2 dow'd^w' + 2 ^ cjdkw'dodkw' + 2 Oqw' ^ ^ 7"^°'^'9oafcw' 

fc=l J=l fe=0 

JV 3 

J=l fe=0 
Af 3 

J=l j,fe=0 

where 

AT 3 AT 3 

J=lk=Q J=lj,k=0 

Also, 

3 3 

(5.9) ^kei = - 2 dow^cjAw' - 2 E cjdkw^dadkw' 

k=l k=l 
TV 3 3 

+ 2ao^^^^^7"'^'=5,5,^„" 

J=l j=0 fe=l 
A 3 3 3 

+ 2 E E E 7'''^'^o^^-'^X + E 

J=lj=Ok=l k=l 



where 



N 3 



j=i k=i 

Note that by the symmetry conditions (|3.6(l if we sum the second to last term and the 
third to last terms in 1)5. 8|l over /, we get 

A 3 3 

-2 E EE7""'5o9..«;^5,«;^ 

I,.J=1 3=0 k=l 

which is —1 times the sum over / of the second to last term of (|5.9|) . From this, we 
conclude that if we set 

A 

Cj = ej{w) ^^Cj, 0,1,2,3, 
1=1 

and 

A 3 

i? = i?(^',u;')-EE^i-' 

1=1 k=0 

then 

3 

dtCQ + ^9fcefc = 2{dtw, D^w) + R{w',w'), 

k=l 

with ( ■ , • ) denoting the standard inner product in M.^ . 
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If we integrate this identity over R'^\/C and apply the divergence theorem, we obtain 

(5.10) dt I eo{t,x)dx— / ^ ^ ejUj da 

= 2 / {dtw,0^w) dx + / R{w\w')dx. 

Here, n is the outward normal to /C, and da is surface measure on dlC. 

Since we are assuming that w solves (|5.4|l . and hence dtw vanishes on 9/C, the integrand 
in the last term in the left side of (|5.10|l vanishes identically. Therefore, we have 

dti eo{t,x)dx = 2 {dtw,F)dx+ R{w',w')dx. 
Jr^\ic JB3\/C JR3\/C 

Note that if 6 in 15.2|l is small, then 

(5.11) {2max{cj,cJ^}y^\w'{t,x)\^ < eo{t,x) < 2max{cj,cY^}\w' {t,x)\^ . 



This yields 




1/2 



The theorem now follows from H5.11|l . (|5.3() . and Gronwall's inequality. □ 
We will also need the following estimates for norms of higher order derivatives. 

Theorem 5.2. Suppose that^^'''^^ G C°°{[Q,T] x M'^\/C) satisfy the symmetry conditions 
as well as \b.2\ and (|5.3|) where Q < 5 <l/2 in (|5.2|) is small enough so that H5.5|l 
holds. Then if w solves H5.4|) and if N — 0,1,2, .. . there is a constant C , depending on 
N , 5, K., and Co, so that for < t < T 

(5.12) ■ <C IP75X5, ■ )\\lhr^\k) ds 

\a\<N ''^ j<N 

+ c J2 \\acdr,Mt,-)\\LHrAK)- 

\a\<N-l 

where D-y and Dc are as in (|5.1|) and (|1.3|) . respectively. 

Proof of Theorem 15. 2t We have already observed that (|5.12l) holds when = 0, so 
we show that if the estimate is valid if TV is replaced by TV — 1 , then it must be valid for 
N. 

We first observe that, as dtw\u+y,9K: = 0, thus E|a|<Ar-i \\dt,x{dt'wy {t, ■ )\\l^r^) is 
dominated by the right side of H5.12|l . Hence it suffices to show that, for > 1, 

|Q|=Af 
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also has this property. But, 

(5.13) l|Aa,"u;(i, •)IIl^(«3) 

\a\ = N-l 

|Q|=Af-l |a|=7V-l 

where C depends only on the wave speeds, c/. As we have observed, the first term in 
the right side of H5.13|l is dominated by the right side of (|5.12f) . and thus the left side 
of (|5.13() is similarly bounded. By elliptic regularity, so is ^^a\=N \\9x^xw{t, •)||i2(R3), 
which completes the proof. □ 

6. Weighted L^L^ estimates for the D'Alembertian outside star-shaped obsta- 
cles. 

We shall also require L^L^ estimates for the unperturbed inhomogeneous wave equa- 
tion near the obstacle. As in section 4, we consider the scalar Dirichlet-wave equation, 
where D = df — A, 



(6.1) 



av = G 

v\aic = 

v{t,-) = 0, t<0. 

Just as before, our estimates here extend to solutions of non-unit speed scalar wave 
equations after a straightforward scaling argument. One of the required estimates is the 
following. 

Proposition 6.1. Let v he as in (|6.1|) . Assume also that K. is star-shaped and contained 
in {x GM.^ : |a;| < 1}. Then there is a uniform constant C so that 

(6-2) lk'llL2([0,t]xR3\/C:|2;|<2) < C* / IP^^(s, ' ) IIl2(r3\k:) 

Jo 

Additionally, if N — 1,2, S, .. . is fixed there is a uniform constant C so that 
(6.3) Y 11^ 

s.x^ II L2([0,i] xR3\/C: |x|<2) 



\a\<N 



x'"\\L^(lO,t]xR3\K)- 

m<N |q|<7V-1 

Proof. The elliptic regularity argument used in the proof of Thcorcm l5.2l shows that (|6.3I) 
is a consequence of (|6.2|l . so we shall prove only 16. 2|) . 

To prove H6.2|l . we consider first the case when G{s,y) — for \y\ > 4. In this case, 
()4.7() and the Schwarz inequality give us for < r < t, 

lk'(''') • )IIl2(r3\x;: |x|<2) 

<C(^ r e-<^-'^\\G{s, -^LHM^XKjds) ( /" ||G(5, • )IIl2(k3\k) ^s) . 
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This implies after integrating r from to t. Note in addition that applying the 

Schwarz inequality to H4.7|l in a slightly different way yields, 

h'i^^ ■)\\h([o,t]xR^\K:\x\<2) <C Q e-^f^-'^^IIGls, •)llL^(R3\K)rfs^ dr 

Jo Jo 

again under the assumption that G(s, y) — □u(s, y) = 0, \y\ > 4. Therefore, we also have 

(6.4) ||'f'||L2(K3\,C:|2;|<2) < C'||G||l2([o,(]xr3\ac), if G(s,y) = 0, |y| > 4. 

To finish, we need to show that we also have H6.2|l when we assume that G(s, y) = 
\I\v{s,y) = 0, \y\ < 3. For this, as in the proof of Theorem 14.11 we fix 77 e G°°(R'^) 
satisfying r]{x) — 1, |a;| < 2, and r]{x) = 0, |a;| > 3. Then if we write v — vq + Vr, where 
vo solves the boundaryless wave equation □I'o = G with zero initial data, it follows that 
V = rjVQ + Vr solves the Dirichlet-wave equation 

= G = -2\/^r] ■ S/^vo - (A77)wo 

with zero initial data, since ?;G = 0. Also, v — v for |a;| < 2, and G{s,y) = if |y| > 4. 
So by H6.4|) we have 

\W\\L-^(lO,t]xR^\K::\x\<2) = ll«'llL2([0,t]xK3\/C: |2;|<2) 

< C'||nz;||i2([o,t]xR3\/C) 

< C\\v'Q\\L2(lo.t]xR3\K: \x\<4) 

+ C'lko||L2([o^t]xR3\K: |2:|<4) • 

One now gets H6.2|l for this remaining case by applying H3.2|l . since Dvq = G. □ 



We also shall need LifLl. estimates involving the scaling and Euclidean rotation vector 
fields. 

Proposition 6.2. Let v and K, be as in Provosition W.lX Then if N is fixed there is a 
constant C so that 



(6.5) 11^'"^ 

s,a;'^ II L^([0,t] xR3\/C: I <2) 

\a\+jn<N 
m<l 

<C f IP^^aX^, .)llL^(R3\;c)rf5 + C W^L^dl^L'- 

° |a|+m<Ar \a\+m<N~l 
m<l m<l 



([0,t]xR3\/C)- 
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Additionally, 

(6.6) \\L"'^''d:,,v'h2ao,tmK:\.\<2) 

|a| + |7|+m<Ar 
m<l 




m<l 



|Q| + |7|+m<iV-l 
m<l 

Proof. We first notice that H6.5|l implies H6.6|l since 

s,2;^ II ([0,i] xM'3\K^: <2) 

|Q!| + |7|+m<Ar 
m<l 

< C' Y ll-^'"t^"x"'llL2([0,t]xR3\K: |x|<2)- 

Q|+m<JV 
rn< 1 

To prove H6.5|l . one repeats the proof of Proposition l6 . II using (|4.11|) in place of H4.7|l . □ 

As in TT", one can use these estimates and the estimates for the non-obstacle case to 
obtain the following. 

Theorem 6.3. Let v and K, he as in Proposition (|6.1|) . Then if N is fixed there is a 
constant C so that 

(6.7) 

(ln(2 + i))"'/' J2 \\{^y'^^d^,.^'\\LH[o,t]xM^\JC)+ E \\{^y'9f^AiLUlo,t].M^\>c) 

\a\<N \a\<N 

a;^llz,2([o,t]xE3\/c)- 

° |q|<A' |a|<Af-l 

Additionally, 

(6.8) (ln(2 + t))-'/' Y ll(^)-'/'^"a,",,«'|U.([o,*]x«3\^) 

\a\+m<N 



+ Y 11^^^ ^i™5"x«liL^L«([0,t]xK3\K;) 
\a\+m<N 
m< 1 




m<l m<l 
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and 

,-1/2 



(6.9) (ln(2 + 0) ^ E ll(2;)"'/'^"^"«'lU^([o,t]x«3\;c) 

i<Af 

;i 

||(a::)"-^i™Z"w||i2i6([o,t]xM3\K;) 

Jo 



|a|+»n<Ar 
m<l 



\a\+m<N 
m<l 



|Q|+m<7V 
m<l 



+ ^ ||nL'"Z"u||i2([o^t]xR3\K;)- 

|a|+m<Af-l 
m<l 

Proof. Let us first handle Hti.7|l since it is the simplest. In view of Proposition 16 . II and 
Sobolev embedding it suffices to prove that 

(6.10) (ln(2 + t))-'/' J2 Wi^r'^'df^ 

x^'llL2([0,t]xR3\/C: |x|>2) 

\a\<N 

,x^\\L'^L^{[0,t]xW^\K: |a;|>2) 

|q|<7V 

|a|<7V |a|<Ar-l 

Let us estimate the first term in the left side. For this we fix /3 e C°°(K'^) satisfying 
(3{x) = 1, |a;| > 2 and /3{x) — 0, \x\ < 3/2. By assumption the obstacle is contained in 
the set I a; I < 1. ft follows that w = /3v solves the boundaryless wave equation 

Dw = I3av - 2V^/3 • V^v - {A0)v 

with zero initial data, and satisfies wlt^x) — v{t,x), \x\ > 2. We split w — wi + W2, 
where Dwi — POv, and \3w2 = ■ V^^f — {Af3)v. Note that by (|3.1|l wc have 

E (ln(2 + i))-'/'||(x)-i/2a,"XIU^([o,t]xM3) <C f \\dlxUv{s,-)\\L^^^.\^^ds, 

\a\<N |q|<JV " 

where we've used the fact that 

E f \\dlAP^v{s, ■ ))\\lhk-\k) ds<C Y f ■ )IIl=(m3\;c) ds. 

To bound the first term on the left of H6.10|l it therefore suffices to prove that 

(6.11) (ln(2 + i))-'/' E Wi^y^dl 

\a\<N 

<CY \\Ddf,Ms,-)\\LHR^\K)ds + C E II™" 

x'"\\L^ilo,t]xm\K:) ■ 

\a\<N^ |Q|<Ar-l 
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To prove (|5.11|) we note that G = — 2Vx/3-V^u— (A/3)u — □z«2 vanishes unless 1 < |a;| < 2. 
To use this, fix x e C^{^) satisfying x(s) = 0, \s\ > 2, and J2j x{s - j) = 1- We then 
spht G = J2j where Gj{s,x) = x(s — j)G{s,x), and let 'W2j be the solution of the 
inhomogeneous wave equation Ow2,j ~ Gj on Minkowski space with zero initial data. 
By the sharp Huygens principle, the functions W2,j have finite overlap, so that we have 
\d"^W2{t,x)\'^ < C^- |9"^W2,i(i, a;)P, for some uniform constant C. Therefore, by H3.1|l 
it holds that the square of the left side of Hfci.ll|l is dominated by 

\a\<N j ''° 

< ^ ll^"xG'|||2([o,t]xR3) 
\a\<N 

< C' X/ ll^"K"'lli^([0,*]x{l<|a;|<2}) + ^ X/ H '^"2:'^ 1 1 ([0,*] X {1< |x| <2}) 

Q|<Af |Q|<Ar 

< ^ ll^"x''^'llL2([o,t]xR3\/C:|2:|<2)- 

\a\<N 

Consequently, the bound Ht).ll|l follows from Ht).3|) . Since the second term in (|6.1U|I can 
also be handled by this argument, this completes the proof of (|6.7() . Inequalities H6.8() 
and Hfi.9(l follow by a similar argument, using H6.5(l and H6.6|l instead of 1)6.3(1 . □ 



7. Fixed time estimates involving arbitrary differential operators outside 
obstacles. 

In this section we work with differential operators P = P{t, x, D) which are not neces- 
sarily tangent to dIC, but which satisfy other conditions to be specified. We shall prove 
rather crude estimates for Pw if w solves the inhomogeneous Dirichlet-wave equation 
1)5.4(1 with K. a star-shaped obstacle. In our applications, P will be a product of powers 
of the Euclidean translation vector fields and the Euclidean rotation vector fields {f^}, as 
well as the scaling vector field, L. Neither L nor the fields {il} are tangent to dK. (unless 
/C is a ball, in which case the {f2} vanish), and therefore, unlike in the boundaryless case, 
we cannot deduce estimates for Pw directly from the energy estimate using com- 
mutation properties of the vector fields and Dc- On the other hand, the nontangential 
components of L and Q on dIC are bounded, which leads to estimates that we can use to 
prove the desired existence results. 

Our basic result in this context is the following. As remarked before, the differential 
operator P can be thought of as P = J2\a\+j<M L^Z". 

Proposition 7.1. Suppose that w solves ((5.4(1 where the ^^•-^^'^ are as in Theorem \5.IA 

Suppose further that there is an integer M and a constant Cq so that 

(7.1) \iPwyit,x)\<Cot \dtdr,y{t,x)\+Co J2 K.w'it,x)\, x e dIC. 

\a\<M-l \a\<M 
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Then, if D-y and are as in ()5.1|) and (|1.3f) , respectively, 

(7.2) WiPwYit, ■)\\L2(m\K)<C f\\a^Pw{s, ■)\\L2^m\K)ds 

Jo 

+ C f \\acL^df^Ms,-)\\LHR^\K)ds 

\a\+j<M+l 
J<1 

+ C \\^cL^9"^M\Lmo,t]xR^\K:) ■ 

\a\+j<M 
J<1 

Proof. The proof is similar to that of Theorem 15.11 except that here we must estimate 
the flux terms that arise by using the trace inequahty and the bounds (|7.1() . 

To be more specific, we need to use the analog of (|5.10|) where w is replaced by Pw. 
Therefore, if we now set 

ej=ej(Pw), j = 0,1,2,3, 
then H5.10II in our context becomes 

3 



(7.3) dt i eo{t,x)dx— / ^ ^ ejUj da 

= 2/ {dtPw,a^Pw)dx+ I R{{Pwy , {Pw)') dx , 

where as before i? is a quadratic form whose coefficients belong to L\L'^ . Therefore, if 
as in the proof of Theorem 15. II we use H5.2|) and (|5.3|l and apply Gronwall's inequality, 
we conclude that if J > is small enough then 

\\{Pw)\t, ■)\\lhr^\k) <C f \\n^Pw{s, ■)\\LHR^\K)ds 



/ ( \dtPw{s, x)\^ + \W,Pw{s, x)\^ ) da) 
'[o,t]xa/c ^ 



Recall that we are assuming IC (Z {x : \x\ < 1}. Therefore, by H7.1|l and a trace 
argument we have 



(/ \{Pw){s,x)\ da) <C V WVdf^^W \\L2^lo,t]xR^\IC:\x\<2)■ 

^JlO,t]>cOK ' |a|+,<M+l 

J<1 

One therefore gets (|7.2|l from H6.5|) . □ 



As an immediate corollary we have the following 
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Corollary 7.2. Assume that w solves (15. 4|) . Then if M — 1,2, .. . 



(7.4) \\{L''Z'^w)'{t,-)\\L^^.\^)<C I W^-fL^ Z'^Hs. 




a\+j<M 
J<1 



8. estimates involving only the scaling and translation vector fields outside 
star-shaped obstacles. 

In this section we prove estimates involving a single occurrence of the scaling vector 
field L = tdt + X ■ Wx- Recall that the commutator of L with Dc is 2C\c- For obstacle 
problems, the complication arises that L does not preserve Dirichlet boundary conditions. 
Because of this, unlike in the boundaryless setting, one cannot derive estimates for Lu 
just by using energy estimates. Fortunately, though, if one assumes that dIC is star-shaped 
then in the proof of the energy estimates L contributes a term with a favorable sign, as 
in the classical Morawetz inequality for star-shaped domains . For this reason, we can 
estimate Lu' in L^, although there is a slight loss versus the corresponding estimates for 
Minkowski space. This slight loss is reflected especially in the third and fourth terms on 
the right of (|8.3() below. Unlike the corresponding terms on the right side of (|7.4|l . these 
terms involve only translation derivatives and as such are easily handled in the nonlinear 
applications to follow. 

To prove the estimates of this section requires strengthening the hypotheses on the 
metric perturbations j^-^-^^. We shall assume as before that (|5.3() holds, but need to 
strengthen H5.2|) to 



with S > small enough so that (|5.12l) holds. Under these assumptions, we have 
Proposition 8.1. Let w solve (|5.4|l with 7 as in (|5.3|l . 1)8. Then 



(8.1) 




i,j,j,k 



(8.2) 





|a|<l 



As a corollary of this and H5.12|l we have the following useful estimate. 
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Theorem 8.2. Let w solve (|5.4|l with 7 as in (|5.3|l . (|8.1|) . Then if N ^ 0,1,2, .. . is 
fixed 

(8.3) 

|a|+m<iV 
m<l 



|a|+m<Ar |a|+m<Ar-l 
m<l m<l 

''«l|L2([o,t]xR3\A 

Jo I 1^,, , , l.l^^r 



The proof that Theorem lH . 2l foIlows from Proposition l8 .U rea uires a simple modification 
of the proof that Theorem 15.21 foUows from Theorem l5.ll Precisely, we first note that, if 
TO = 0, then Theorem 18.21 follows from Theorem 15. 21 For to = 1, we apply induction on 
the number of spatial derivatives in a. The elliptic regularity estimate required in this 
step is that, for > 2, 

J2 \\d:LwU2^^s\,c)<c J2 ( 

|9"ALw||i2(jj,3\K) + ||9"(Lw)'||i2(R3\^) 

\a\=N |Ql<Af-2 

This holds locally by standard elliptic regularity (see e.g. 0, Theorem 8.13), and the 
fact that Lw is locally controlled by [Lw)' and the trace of Lw. Using cutoff functions 
one can then reduce to the boundaryless case, where only the first term on the right is 
required. 

Since {Lw)\qk. = {x ■ dxw)\Qjc , by the trace theorem we have 

\a\<N 

and the right hand side involves the estimate H8.2|) for the case to = 0. It remains, then, 
to prove Proposition 18. II 

To prove H8.2|l . we need to use the analog of H5.1U|I where w there is replaced by Lw. 
Therefore, if we set now 

ej^e,j{Lw), j = 0,l,2,3, 
then H5.10|l in our context becomes 

3 



.4) dt I eo{t,x)dx~ / ^ ^ CjUj da 
Jr^\k J ok 



2 / {dtLw,D.^Lw)dx+ / R{{Lw)' , {Lw)') dx , 



where as before i? is a quadratic form whose coefficients belong to LlL^ 
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We can simplify the last term on the left hand side. We first notice that, at points 
(Sjx) belonging to M-|_ x 9/C, the Dirichlet boundary conditions on w give us, 

dsLw'^ = sd'^w^ + dsw' + ds{x, V^) w' = ds{x, V^) w' = {x,n) dndsw'^ , 

where dfiw^ — {n, \/x) denotes differentiation with respect to the outward normal to 
/C. Similarly, 

3 

UjdjLw^ — s dfidgW^ + df{{{x, Vx) w^) 
on R-|_ X die. As a consequence, we have 

3 N 

- ^ CjUj = 2 ^ |^(a;, n) c] s {dftdgW^f 
j=i 1=1 

N 3 3 

+ {x,n) cj dfidsW^dn{{x,Vx) w^) - {x,n) dndsw' j^^^'^njdkLw^ 

J=l 3 = 1 k=0 

Since we are assuming (|8.1|) . we have 

3 N 

— ^ CjUj = 2 ^ c'j{x, n) s \dfidsW^f — Q{w" ,w') , 
j=i 1=1 

where 

\Q{w",w')\<C KM' 

l<\a\<2 

for some uniform constant C. Because of this, identity (|8.4|) yields 



dt [ eQ{t,x)dx+ f 2V 



N 

c'j{x, n) s \dndsW''\'^ da 



Q{w",w')da + 2 / {dtLw,a^Lw)dx + / R{{Lw)' , {Lw)') dx . 

The second term on the left hand side is positive, since {x, n) > for star-shaped /C. 
Hence, we can apply Gronwall's inequality to obtain 

||(Lw)'(i, •)||i2(R3\^) < C / ||nT,Lw(s, •)||i2(R3\^)rfs 

The first term on the right here is contained in the right side of 1)8. 2|) . As a result, it 
suffices to show that the last term in the preceding inequality is dominated by the other 
terms in the right side of (|8.2(l . But 



l<|a|<2"'[0'*l><'3'= |a|<2 



([0,t]xR3\K;: |3;|<2) 



SO that Hti.3|) yields the desired bounds for this term as well. This completes the proof of 
H8.2|) . and hence Proposition 18. II □ 



ALMOST GLOBAL EXISTENCE FOR QUASILINEAR WAVE EQUATIONS 



35 



9. Main estimates outside star-shaped obstacles. 

We shall assume here that AC C M"^ is star-shaped. We shall also assume that the -y^'^'i^ 
satisfy ^b.'6\ and (|8.1|l . Then if we combine our estimates we have the following useful 
result. 

Theorem 9.1. Let w e solve (I5.4|l and vanish for t < 0. Suppose also that IC is 
star-shaped (see ] and the ^^'^'i^ are as in (|5.3|l . (|8.1|) . Then if N = 0,1,2, .. . is 
fixed we have 

(9.1) 

a|<Ar+4 |Q|+Tn<Ar+2 

m<l 

+ Yl WZ^yo'it, ■)\\lhm.-\k) 

\a\+m<N 

" |Q|<Af+4 \a\+m<N+2 

m<l 

+ Y \\0,L"'Z"w{s,-)h2^^s\,c^ys 

\a\+m<N 

+ c Y \\a^d^,Mt,-)\\LHm^\K) + c J2 \\a^L"^dr,Mt, 

|a|<iV+3 |Q|+m<Ar+l 

m<l 

+ C Y \\Ocd:,MLH[0A-M^\>c)+C Y IPc^"^: 

xM\L^ao,t]xR!>\jc)- 

|a|<Ar-|-2 |a|+7n<A'' 

m<l 

To see this, let the left side be denoted by / + // + ///, and let BHS denote the right 
side. We then claim that 

(9.2) I<RHS+Y E \h'''^'%dkdr,Mt, ■)\\lhm^\^) 

I,J,j,k |q|<JV+3 

(9.3) II<RHS + C f E E \\l"''^d,dkdlM^, ■)\\lhm?\k) ds 

|Q|+m<iV+l I,JJ,k 
m< 1 

(9.4) HI < RHS + C I E E \W''''d,dkL"'dlMs, • )IU^(R3\k;) ds. 

\a\+m<N+lI,J,j,k 
m<l 

Indeed, by (|5.12|) . / is dominated by the first and fourth terms in the right side of H9.1|l 
along with the last term in (|9.2|l . Also, by H8.3|l . // is dominated by the second, fifth, 
first, and sixth terms in the right side of H9.1|) along with the last two terms in (|9.3|) . 
Lastly, by H7.4|) . /// is dominated by the third, second, and seventh terms in the right 
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side of (|8.2|l . along with the last term in H9.4|l . By inequality (|5.2|) . if 6 is sufficiently 
small we can absorb the time t terms on the right hand side of H9.2|) and H9.3|) into the 
left hand side of (|9.1|l . The inequality ((Hill) now follows from (I5.3|l and (|9.2() - H9.4() by 
Gronwall's inequality. □ 

Repeating this proof and using Theorem 16.31 yields the following result, which will be 
used in the iteration argument of the next section. 
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Corollary 9.2. Letw, K, and •y^'^'^'' be as in Theorem W . 1\ Then if N is fixed 
(9.5) 

||9i>'(t, •)1Il^(k3\k;)+ E l|i™a,>'(t, •)1Il^(e3\k;) 

|q|<JV+4 |a|+m<JV+2 

m<l 

+ E \\U'^Z^w'it,-)\\mns\>c) 

\a\^m<N 
7n<l 

\a\<N+3 

\a\+m<N+l 
m<l 

\a\+m<N-l 
m<l 

+ ( X! \\{^y^9f^xM\^L%{[0,t]xR^\K.) 
\a\<N+3 

+ Y \\i^)~^L"^9tM\LlL%ilO,t]xR^\IC) 
\a\+m<N+l 
m<l 

+ Y \\i^)~^L"'Z"M\Limio,t]xm^\K)) 

\a\+m<N-l 
m<l 




rn< 1 

+ Y Wa^L^'Z^Hs, ■)\\LHM-\>c))ds 

\a\+m<N 
rn<l 

+ c Y Wo^dtMt. ■)\\ 

Q|<Ar+3 |Q|+m<Af+l 

m<l 

+c Y 11°^^" 

M\L^ilO,t]xR3\ic) + C Y \\Wd:^M\LH[o,t]xM^\^) 

Q|<Af+2 |Q|+m<Af 

m<l 

+ C Y, IPci™-^"w'llL2([0,i]xR3\K:)- 

|Q|+m<7V-2 
m<l 

10. Almost global existence for quasilinear wave equations outside of star- 
shaped obstacles. 

We conclude by showing how to adapt the proof of Theorem 11.21 to establish almost 
global existence for the system p.2|l . As in JO], JT], it is convenient to reduce the 
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Cauchy problem H1.2|l to an equivalent equation with driving force but vanishing Cauchy 
data, in order to avoid dealing with compatibility conditions for the Cauchy data. We 
can then set up an iteration argument for the new equation similar to that used in the 
proof of Theorem ll.2l 

As in the boundaryless case, we do not need to assume that the data has compact 
support. Here, however, we have to replace the smallness condition (|3.12|) by 

(10.1) ll(^)'"'5"/IU^(E3\;c)+ E ll(^>'"'+'5"5lU^(Kni<:)<^- 

q|<15 |a|<14 

The extra number of derivatives required is due to the loss of four derivatives in the 
estimates for the obstacle case versus the non-obstacle case. The extra power of (x) and 
our assumption here that we control the size of (/, g) as well as their derivatives, are used 
in the steps following (|10.8() below. 

To make the reduction to an equation with zero initial data, we first note that if the 
data satisfies (|1U.1I) with e > small, then we can construct the solution u to the system 
(O on the set {t,x) G {0 < ct < |a;|} n {[0,T^) x R^\IC}, where 

(10.2) c = 5 maxc/ , 
and that on this set the solution satisfies 

(10.3) sup E ||(a;)l"l9,Xt, •)IU=(R3\K:|,|>,t) <Coe. 

To see this, we note that by scaling the t variable we may assume that max/ cj — ^ . The 
local existence results in 10 yield a solution u to H1.2|l on the set {t,x) G [0,2] x M.^\IC, 
satisfying the bounds (|10.3|) .'^ To see that this solution can be extended to include all (i, x) 
with < ct < \x\, we let i? > 4 and consider data (/«, gji) supported in i?/4 < |a:| < 4i?, 
which agrees with the data (/,<?) on the set R/2 < \x\ < 2R. Let uii{t,x) satisfy the 
boundaryless equation 

(10.4) n,UR = Q{duR, R-^£ur) , 

with Cauchy data {fR{R-), Rgji{R-)). (Recall that Q is the nonlinearity appearing in 
the equation, see (|1.2|) . (|1.4|l .'l Because of our smallness assumption H1.7|l on (/, g), the 
solution uji of 110. 4|l exists for < t < 1 by standard results (see e.g. ||6j), and satisfies 

sup \\uR(t, • )I|hi5(r3) < C ( \\fR{R-)\\m5(Ra) + R \\gR{R-)\\mi(R3) ) 

0<t<l 

<Ci?-3/2(' j2 \\{Rd,rfR\\mm} + RYl WiRd.rgRhHR^)) ■ 

The smallness condition on implies that the wave speeds for the quasilinear equation 
(|10.4() are bounded above by 1. A domain of dependence argument shows that the 
solutions UR{R~^t, R~^x) restricted to \ \x\ — R \ < ^ — t agree on their overlaps, and 
also with the local solution u, yielding the solution to H1.2|l on the desired set {t, x) S 
{0 < ct < |a;|} n {[0, Te) x R^\/C}. A partition of unity argument now yields H10.3|l . 



■^The local existence theorem in IIUI was stated only for diagonal systems. However, since the proof 
was based only on energy estimates, it also applies to nonlinear systems that satisfy the symmetry 
condition II. 5i . using Theorem 1^ 
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We use this partial construction of the solution u to start our iteration. Fix a cutoff 
function x G C°°(R) satisfying = 1 if s < 5^ and x(s) = if s > i, with c as in 
(tnm . Set 



Note that since \x\ is bounded below on the complement of /C, the function ri{t,x) is 
smooth and homogeneous of degree on (t, x) e [0, Tg) x (R'^\/C). Also, 



Thus, u solves DcU = Q{du, (Pu) for Q < t < and x G M''\/C if and only if w = u — uq 
solves 



for < t < Te. We emphasize that uq has been constructed for all (t, x) G [0, Tg) x (]R^\/C), 
and the solution u has been constructed on the support of [Dc, 77], so that 1)11). 5|l should 
be viewed as a nonlinear problem for w. 

We shall solve (|1U.5|I by iteration. We set — 0, and recursively define Wk for 
fc = 1, 2, . . . by requiring that 



ito(^: a;) = ri{t, x) u{t, x) , 



OcUq = riQ{du, d^u) + [Dc, r/] u . 



(10.5) 




□ctufe = (1 - T])Q{d{uo + Wk-i), d^{uo + Wfc)) - pc, rj\u 

Wk\dK = 

u)fe(t,j:)=0, t<0. 
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In place of H3.15|l . we now let 



M,(r)= sup •)IIl^(m3\k;)+ E • )IIl=(r3\k) 

- — |ct|<14 |Q|+in<12 

m<l 

Q|+m<10 |q|<2 
rn<l 

+ {H2 + T))-'/'[ ^ ||(x)-i/29,",u;^|U.([o,T]xR3\^) 

q|<13 

+ ^ ||(x)-i/2l"9,",u;^|U.([o^t]xr3\k;) 

|a|+m<ll 
m<l 

+ 5] ||(x)-l/2L™Z"i.^|U.([o,Tlx«3\K;)) 

|Q;|+m<9 
m<l 

+ XI IK^)"^^"x'^felU?i^([0,T]xR3\/C) 
|q|<13 

+ X! ll(^)"^^™'5"2;^^*;||L2i6([o^T]xR3\K;) 
|a|+m<ll 
m<l 

+ X/ ll(2;)^"^-^™^"^felU?iS([0,T]xB3\/C) 

|a|+m<9 
m<l 

If we let Mo(T) denote the above quantity with Wk replaced by uq, then we note that 
l|10.3|) together with Lemma Rj . 41 implies 

sup MoiT)<Ce. 

0<T<oo 



We seek to find a constant Ci so that for all fc, 



(10.6) Mfc(r,)<Cie, 

provided that e < Eq and provided that and the constant k occurring in the definition 
(|1.8|l are sufficiently small. To do this, we proceed inductively as in §3, and show that, 
provided Mk-i{T^) < Ci e, and e < k, then 

(10.7) Mk{T,) <C-e + C-C\-K- (A4-i(T,) + Mk{T,) ) , 

where C is a universal constant. The bound (|10.6() with Ci — 2C follows from H10.7|l . 
provided k is sufficiently small. 

We begin by estimating the fourth term in the formula for Mk(T^), that is, the point- 
wise bounds for Z°'wk ■ By Theorem l4.1l and the support properties of Wk, this is bounded 
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by 



'' dy ds 



(10.8) C f ' f V \L^Z^a,Wk{s,y)\ 
Jo Jr^xk |^|^^.<8 



C V \\L^dlyDcWk{s, ■)\\L^R^\^c)ds. 



l/3|+i<5 
J<1 



The contribution to pu.8|l where DcWfc is replaced by [Dc, ri]u is bounded by C e. Indeed, 

M 

2c 



since this term is supported in the region ^ < s < —, 



(10.9) r [ J2 \L'Z^[D,,v] 
Jo Jr^\jc |^|+^.<g 



dyds 
u\ — — — 



<cf\s)-'^f {y)-i-l y2 {y)^L^Z''[a,,7j]u\dyds 
Jo Jr3\]c 



J<1 



<c sup \\{yfL^z^[ac.v]u\\mm^\K) 

°<*<°°l/3|+.<8 
J<1 



which by pu.3|l . and the homogeneity of 77, is bounded by C e. The contribution of 
[Dc,i]]u to the second term in (|10.8fl is bounded using a similar argument, 



(10.10) Yl \\L'dly[ac,iMs,-)\\L^(R3\,c)ds 

Jo 1^1 , 

<Cr'{s)-'^ J2 \\{yf^L^diy[D,,v]uis,-)\\mM^\K)ds 

Jo = 



|/3|+i<5 
J<1 



l/3|+J<5 
J<1 



which is bounded by Ce as argued for (|10.9|) . 

The contribution to the expression pu.8|l in which we replace the term OcWk by the 
term (1 — rj)Q(^d{uo + Wk-i), d'^{uQ + Wk)) can be bounded by 



(10.11) C-[e+ Y ll(:^)"^i™^"H.-ilU^([o,T. 



]xR3\k:) I X 



|a|+m<9 
m< 1 



]xR3\K) 



|a|+m<9 \a\+m<9 
m<l m<l 
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For example, a typical term involving uq coming from the first term in (|1(J.8|) is handled 
as follows 



(10.12) r j E {l-v)WZ^{u'oO\'^-T\ 



J<1 



\fJ\+]<9 \fJ\+3<9 

<c Yl \\i'yHyWz^<\\h([o..n).M^\K) E \\{y)-'^L^z^w',hmo,n).m\>c) 

\(3\+]<9 \0\+j<9 

<Ce J2 \\{yy^L^Z'^w'k\\L^[o.T.jxM^\K) 

l/3|+i<9 

J<1 

again using (|10.3() . Arguing as in (|10.12|l , H10.9|l and (|10.10|) , one easily checks the bound 
(llO.llfl for the other terms in pu.8|) involving uq- To bound the contributions to (|10.8|) 
involving only Wk-ijWk, we apply the Schwarz inequality to handle the first term in 
(110. 8|) . and for the second term in pu.8|) . the bound pu.ll|) follows by applying Lemma 
13.41 in the manner used to bound the first term on the right side of H3.18|l (see (|3.20|) 
We thus have the bound 

C (e + ln(T,)5 Mk-i{T,)^ x (e + ln(T,)3 Mk^i(T,) + ln(r,)3 Mk{T, 

<C-s + C-Ci-K-{ Mfe_i(T,) + Mfc(T,) ) . 

Thus the fourth term in the definition of Mk{Te) satisfies the bounds (|10.7(l . 

All other terms in Mk{t) occur in the left hand side of H9.5() . taking = 10, w = Wk, 
t = T^, and letting 7 be defined by 



(10.13) {n^WkY = n,y,-{l-rj) E B'i^fi9i4 + 



0<i.j,l<3 
1<J,K<N 



(1 - Tj)B' {d{uo + Wk-i)) - pc, , vW 

+ (1 - 77) E ^"f (^'"^ + ^'^fc'"-! ) ^^^^"0 



0<i,j.l<3 
1<J,K<N 



Hence, we need to show that each term on the right of l|9.5|l . with these values for Wfc, 7, t 
and N , can be dominated by the right hand side of (|10.7|) . 

We first estimate 

(10.14) /*( E IP75".t/^fe(s, •)IIl^(R3\k)+ E \\^,L^'dl,Wk{s,-)\W 

" 1q|<14 |Q|+m<12 

r?j<l 

+ E \\^iL"'Z^Wk{s,-)\\L2f^^.\,^))ds 

\a\+m<W 
m<l 
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Consider the third term in (|10.14|) . which is clearly bounded by 

(10.15) / {\\L"'Z''n^Wk{s,-)\\L^R3\K) + \\[a-nL"'Z^]wkis,-)\\LHR^\K))ds. 

|a|+m<10 ° 
m<l 

The contribution to \3.yWk in the first term of (|10.15|l coming from [Dc, rjlu is handled 
as in (|10.1U|I above. To handle the contribution here from (1 — rj)B^ {d{u^ + w^-i)), 
we bound those terms involving uq using I|1U.3|I arguing similar to ((Tin?|l . IjlU.lOl) . and 
(I10.12|l above. In the same way, one bounds the contribution of the last term on the 
right side of (|10.13|1 to the first term in H1U.15|) . The contributions which remain to be 
bounded from both terms of l|10.15() are identical to the first and third integrals on the 
right hand side of (|3.17l) . with u'j._^,u'^. there replaced by w'j._^,w'f., respectively. These 
terms can be estimated in an identical manner to that section, with the following remark 
in mind. Lemma l3 . 41 holds on our exterior domain for a general function h (and the same 
proof applies without modification), but the analogue of estimate (I3.11f) of Lemma l3.5l on 
M'^\/C requires Dirichlet boundary conditions to work. To get around this, we note that 
()3.11|l holds on R^\/C provided either dj or the prime is a time derivative, by using the 
same argument as in the proof of Lemma 13.51 This similarly handles the case in which 
any factor of involves a time derivative. For the remaining cases, involving purely 
spatial derivatives, we can use the following elliptic estimate, which uses the fact that Wk 
vanishes on the boundary, 

Y md.d.wuit. ■)\\ L'^(W'\K:\x\<l) 

|q|<9 
l<jj<3 

< C" X! \\'^x^Wk{ti ■)\\l'^(«.^\K:\x\<2) + C \\Wk{t, ■)\\L^[m.^\K:-,\x\<2) ■ 
q|<9 

The other two terms in H1Q.14|I are estimated similarly, and thus these terms satisfy the 
bound ifTTTTll . 

Next consider the following terms from the right side of (|9.5|l , 

(10.16) W^-^dlxWkit, Y IP,i'"a,>fc(t, •)I|l^(k3\k;). 

|q|<13 |Q|+m<ll 

m<l 

We write 

0<i,j,l<3 
1<J,K<N 

0<i.j,l<3 
1<J,K<N 

Upon expansion, each term on the right hand side, with the exception of the last, which 
has norm bounded by C £ by H1(J.3|I . is the product of two terms, at least one of which 
involves at most 8 derivatives. We can obtain L°° bounds on such a term by Sobolev 
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embedding, and hence estimate the norm of the product by the right hand side of 
(110. 7|) . The same argument apphes to the second term in IjlU.lGII . 

FinaUy, consider 

Y IPc9"^Wfc||i,2([o,Te]xR3\/C) + Y IPci™9"^u;fc||i2([o,T,]xE3\K:) 

|a|<12 |Q|+m<10 

m<l 

+ X] IPc-^^™^"wfe|lL2([o,T,]xR3\K) • 

\a\+m<8 
m<l 

We write 



0<i,j,l<3 
1<J,K<N 

0<i,j,l<3 
1<J,K<N 

The last term involving u is easily handled as in (|10.9() above. As a representative of the 
other terms that arise upon expanding derivatives, noting that |a| < 12, consider 

Y W^lxK^l dtxW'k\\L^([0,T,]xR^\K) ■ 
|;3|<6,|m|<13 

We now apply Lemma [3.41 to the (3 terms and sum over R to conclude that 

X w'k\\L-^([Q.T^]y.m>\K) 

|/3|<6,|m|<13 

<C Y \\'^^)^^^^'^'k-l\\LH[0,T,]KK^\K) sup Y \\dt,x^'k{t^ ■)\\l-^{W^\K) 
|/3|<8 0<t<T, |^|<i3 

<C-Ci-e- In(Te)^ Mk{Te) < C ■ Ci ■ k ■ Mk{T,) . 

The other terms are similarly seen to be bounded by the right hand side of 110. 7|l , which 
completes the proof of (|10.7(l . 

Next, using the energy inequality, one observes that {wk\ is a Cauchy sequence in 
the energy norm. Because of this and l|10.6|l we conclude that Wk must converge to a 
solution of p0.5(l which satisfies the bounds in 1)10. 6|l . Consequently, u — ua+ w will be 
a solution of the original equation p. 2(1 which verifies the analog of ((10.6(1 . If the data is 
C°° and satisfies the compatibility conditions to infinite order, the solution will be C°° 
on [0, Tg] X R^\A^ by standard local existence theory (see e.g., |10j). 

This completes the proof of Theorem ll.il . □ 
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